Abstract. We show that the torsion part of C'"' with respect to the action of a derivation is algebraically closed in C'"' if the flow associated with the derivation is analytic on CxC", We also present a connection between this result and Keller's Jacobian conjecture.
Introduction
Consider the initial value problem The main result in this paper is that the torsion part of C["] with respect to a derivation is algebraically closed in C[n] if the flow associated with the derivation is analytic on CxC.
We say that <p is a polynomial flow if each i-advance map <j>' is polynomial on its natural domain. Coomes and Zurkowski [8] show that 0 is a polynomial flow if and only if T(D) = C[n]. (See [3, 5, 6, 7, 10, 11, 12, 13, 14, 15, 17] for other results about polynomial flows.) Since the torsion part T(D) can play an important role in determining whether a vector field has a polynomial flow, we wish to gain a deeper understanding of the properties of T(D). In addition, Connell and Drost [4] give a concise proof of the fact that the kernel of D is algebraically closed in C'"'. Since T(D) is a generalization of the kernel of D, it is natural to consider questions about its algebraic closure in C[n].
This paper is organized as follows: In section 2 we show that T(D) is the set of polynomials in Cw which, when composed with tp, are polynomial in the initial condition (a notion made precise in that section). Then, in section 3 we show the set C[z] of polynomials in z over C is algebraically closed in the set of entire functions and we give a generalization. Our main result follows quickly in section 4. Finally, in section 5 we present a connection between our results and Keller's Jacobian conjecture. Definition. Let A be any set, and let g: A x ¥h -► F. We say that g(t, x) is polynomial in its last k variables if there is an integer d such that for each a in A , the function fa(x) = g(a, x) is polynomial of degree less than d. In this case, we say that the degree of g in its last k variables is the least upper bound of all such integers d. Hence a|¿ is polynomial in its last n variables.
Suppose now that a\^ is polynomial in its last n variables. Then aU = E Cr(t)xr \r\<d on the natural domain Q of <j>. Notice that the functions cr(t) are analytic near t = 0. Since Dka\x= Y,crk)(0)xr, V\<d it follows that for some integer A^ > 0 and some set of scalars an, ... , aw-i we have DNa -Y aiD¡a = 0.
That is, a is in T(D). D 3. Algebraic closure and polynomials
In this section, we first show in Lemma 3.1 that the set C[z] of polynomials in z over C is algebraically closed in the set of entire functions. This is a special case of Proposition D.l of Bass [1] , but the lemma we prove includes a degree estimate needed in Lemma 3.2. In that lemma we extend Lemma 3.1 to functions of more than one variable which are polynomial in some variables. Remark. Take degO = -oo .
Proof. Let f, m, and ao, ... , am be as in the hypothesis of the lemma, and let N = max(degflo, ■•■ , de%am). We claim that f(z)/zN+x -► 0 as \z\ -► oo. By way of contradiction, suppose that there exists e >0 and a sequence {z,}^0 such that |z,| -» oo as /' -> oo and \f(z¡)/zf+x\ > e for all i. It follows that |/(z,)| -»oo as i -» oo. Solving (3.1) for /, we see that
Dividing both sides by zN+x, we have
Notice that each aj(zi)/zfi+x -> 0 as i-*oo. Since \am(zi)\ and |/(z,)| tend to infinity as ¡'-»oo, the right-hand side of (3.2) evaluated at z, tends to zero as / -► oo. This is a contradiction, and thus f/zN+x tends to zero as z tends to infinity. It follows from Cauchy's integral formula that / is a polynomial of degree no more than ./V. D
The following generalization will be used in the sequel. 
A connection to the Jacobian conjecture
A polynomial map F: C" -» C" is said to be a polynomial automorphism if F -F(XX, ... , X") = (F\, ... , F") has a polynomial inverse. The Jacobian conjecture, attributed to Keller [9] , asserts that if the Jacobian matrix JF -(dFi/dXj) of F has a nonzero constant determinant, then the map has a polynomial inverse. At present the conjecture is open for n > 1. See Bass, Connell, and Wright [2] for a discussion of the Jacobian conjecture.
As the following theorem shows, determining when the torsion part of C["] with respect to the action of a derivation is algebraically closed in C1"1 may shed light on the Jacobian conjecture. It follows from (5.4) and (5.6) that for each x in U, the flow <f)(t, x) tends to zero as t tends to infinity along the real axis. Thus we may assume each X¡ is negative. If we can show that for each R > 0 the mapping F is invertible on B(0,R) = {z.£C":\z\<R} it will follow that F is injective and hence has a polynomial inverse by Theorem 2.1 of Bass, Connell, and Wright [2] .
We proceed in a fashion similar to Zampieri [16] . It follows from (5.4) and ( 
